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NEW SPECIAL CURVES AND THEIR SPHERICAL INDICATRICES

AHMAD T.ALI

ABSTRACT. In this paper, we define a new special curve in Euclidean 3-space which we
call k−slant helix and introduce some characterizations for this curve. This notation is
generalization of a general helix and slant helix. Furthermore, we have given some nec-
essary and sufficient conditions for the k−slant helix.
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1. INTRODUCTION

Natural scientists have long held a fascination, sometimes bordering on mystical obses-
sion, for helical structures in nature. Helices arise in nanosprings, carbon nanotubes,
α-helices, the DNA double and collagen triple helix, lipid bilayers, bacterial flagella in
Salmonella and E. coli, aerial hyphae in actynomycetes, the bacterial shape in spirochetes,
horns, tendrils, vines, screws, springs, helical staircases and sea shells (helico-spiral
structures) (see [9], [10]). The double helix shape is commonly associated with DNA,
since the double helix is structure of DNA. This fact was published for the first time by
Watson and Crick in 1953 (see [26]). They constructed a molecular model of DNA in
which there were two complementary, antiparallel (side-by-side in opposite directions)
strands of the bases guanine, adenine, thymine and cytosine, covalently linked through
phosphodiesterase bonds. Each strand forms a helix and two helices are held together
through hydrogen bonds, ionic forces, hydrophobic interactions and van der Waals fores
forming a double helix (see [8]).
From the view of differential geometry, a straight line is a geometric curve with the curva-
ture κ(s) = 0. A plane curve is a family of geometric curves with torsion τ(s) = 0. Helix is
a geometric curve with non-vanishing constant curvature κ and non-vanishing constant
torsion τ [5]. The helix may be called as a circular helix or W-curve [25]. It is known that
straight line (κ(s) = 0) and circle (κ(s) = a, τ(s) = 0) are examples of degenerate-helices
[16]. In fact, circular helix is the simplest example of three-dimensional spirals (see [1],
[2]).
A curve of constant slope or general helix in Euclidean 3-space E3 is defined by the prop-
erty that the tangent makes a constant angle with a fixed straight line called the axis of
the general helix. A classical result stated by Lancret in 1802 and first proved by de Saint
Venant in 1845 (see [23] for details) says that: A necessary and sufficient condition that a
curve be a general helix is that the function

f =
τ

κ
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is constant along the curve, where κ and τ denote the curvature and the torsion, respectively.
General helices or inclined curves are well known curves in classical differential geometry
of space curves and we refer to the reader for recent works on this type of curves (see
[3], [4], [11], [19]).
The Serret-Frenet formalism adapted to four-dimensional Lorentzian spaces may be very
useful in providing geometric insight into the motion of accelerated particles, both in
the context of special relativity and general relativity (see[7]). Synge [24], for instance,
applied the formalism to investigate intrinsic geometric properties of the world lines
of charged particles placed in an electromagnetic field, showing that for a constant and
uniform electromagnetic field the point charge describes a timelike helices in Minkowski
space.
In 2004, Izumiya and Takeuchi [14] have introduced the concept of slant helix by saying
that the normal lines make a constant angle with a fixed straight line. They characterize
a slant helix if and only if the geodesic curvature of the principal image of the principal
normal indicatrix

σ =
κ2

(κ2 + τ2)3/2

(τ

κ

)′
is a constant function. Kula and Yayli [17] have studied spherical images of tangent
indicatrix and binormal indicatrix of a slant helix and they showed that the spherical
images are spherical helices. Recently, Kula et al. [18] investigated the relation between
a general helix and a slant helix. Moreover, they obtained some differential equations
which are characterizations for a space curve to be a slant helix.
A family of curves with constant curvature but non-constant torsion is called Salkowski
curves and a family of curves with constant torsion but non-constant curvature is called
anti-Salkowski curves [21]. Monterde [20] studied some characterizations of these curves
and he proved that the principal normal vector makes a constant angle with fixed straight
line. So that: Salkowski and anti-Salkowski curves are the important examples of slant
helices.
A unit speed curve of constant precession in Euclidean 3-space E3 is defined by the prop-
erty that its (Frenet) Darboux vector

W = τ T + κ B

revolves about a fixed line in space with constant angle and constant speed. A curve of
constant precession is characterized by having

κ =
µ

m
cos[µ s], τ =

µ

m
sin[µ s]

where µ and m are constants. This curve lies on a circular one-sheeted hyperboloid

x2 + y2 −m2 z2 = 4m2

The curve of constant precession is closed if and only if n = m√
1+m2 is rational (see [22]).

Kula and Yayli (see [17]) proved that the geodesic curvature of the spherical image of
the principal normal indicatrix of a curve of constant precession is a constant function
equals −m. So, one can say that: the curves of constant precessions are the important
examples of slant helices.
In this work, we define a new curve and we call it a k−slant helix and we introduce
some characterizations of this curve. Furthermore, we have given some necessary and
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sufficient conditions for the k−slant helix. We hope these results will be helpful to math-
ematicians who are specialized on mathematical modeling as well as other applications
of interest.

2. PRELIMINARIES

In Euclidean space E3, it is well known that each unit speed curve with at least four
continuous derivatives, one can associate three mutually orthogonal unit vector fields
T, N and B are respectively, the tangent, the principal normal and the binormal vector
fields ([12]).
We consider the usual metric in Euclidean 3-space E3, that is,

〈, 〉 = dx2
1 + dx2

2 + dx2
3,

where (x1, x2, x3) is a rectangular coordinate system of E3. Let ψ : I ⊂ R→ E3, ψ = ψ(s),
be an arbitrary curve in E3. The curve ψ is said to be of unit speed (or parameterized by
the arc-length) if 〈ψ′(s), ψ′(s)〉 = 1 for any s ∈ I. In particular, if ψ(s) 6= 0 for any s, then
it is possible to re-parameterize ψ, that is, α = ψ(φ(s)) so that α is parameterized by the
arc-length. Thus, we will assume throughout this work that ψ is a unit speed curve.
Let {T(s), N(s), B(s)} be the moving frame along ψ, where the vectors T, N and B are
mutually orthogonal vectors satisfying 〈T, T〉 = 〈N, N〉 = 〈B, B〉 = 1. The Frenet equa-
tions for ψ are given by ([23], [24]) T′(s)

N′(s)
B′(s)

 =

 0 κ(s) 0
−κ(s) 0 τ(s)

0 −τ(s) 0

 T(s)
N(s)
B(s)

 . (1)

If τ(s) = 0 for all s ∈ I, then B(s) is a constant vector V and the curve ψ lies in a 2-
dimensional affine subspace orthogonal to V, which is isometric to the Euclidean 2-space
E2.

3. NEW REPRESENTATION OF SPHERICAL INDICATRICES

In this section we introduce a new representation of spherical indicatrices of the regular
curves in Euclidean 3-space E3 by the following:

Definition 1. Let ψ be a unit speed regular curve in Euclidean 3-space with Frenet vectors T, N
and B. The unit tangent vectors along the curve ψ(s) generate a curve ψt = T on the sphere of
radius 1 about the origin. The curve ψt is called the spherical indicatrix of T or more commonly,
ψt is called tangent indicatrix of the curve ψ. If ψ = ψ(s) is a natural representations of the curve
ψ, then ψt(s) = T(s) will be a representation of ψt. Similarly, one can consider the principal
normal indicatrix ψn = N(s) and binormal indicatrix ψb = B(s).

Lemma 2. If the Frenet frame of the tangent indicatrix ψt = T of a space curve ψ is {Tt, Nt, Bt},
then we have Frenet formula: T

′
t (st)

N
′
t (st)

B
′
t (st)

 =

 0 κt 0
−κt 0 τt

0 −τt 0

 Tt(st)
Nt(st)
Bt(st)

 , (2)
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where

Tt = N, Nt =
−T + f B√

1 + f 2
, Bt =

f T + B√
1 + f 2

, (3)

and

st =
∫

κ(s)ds, κt =
√

1 + f 2, τt = σ
√

1 + f 2, (4)

where

f =
τ(s)
κ(s)

(5)

and

σ =
f ′(s)

κ(s)
(

1 + f 2(s)
)3/2 (6)

is the geodesic curvature of the principal image of the principal normal indicatrix of the curve ψ,
st is natural representation of the tangent indicatrix of the curve ψ and equal the total curvature
of the curve ψ and κt and τt are the curvature and torsion of ψt.

Therefore we can see that:
τt

κt
= σ. (7)

Lemma 3. If the Frenet frame of the principal normal indicatrix ψn = N of a space curve ψ is
{Tn, Nn, Bn}, then we have Frenet formula: T

′
n(sn)

N
′
n(sn)

B
′
n(sn)

 =

 0 κn 0
−κn 0 τn

0 −τn 0

 Tn(sn)
Nn(sn)
Bn(sn)

 , (8)

where 
Tn = −T+ f B√

1+ f 2
,

Nn = σ√
1+σ2

[
f T+B√

1+ f 2
− N

σ

]
,

Bn = 1√
1+σ2

[
f T+B√

1+ f 2
+ σ N

]
,

(9)

and

sn =
∫

κ(s)
√

1 + f 2(s) ds, κn =
√

1 + σ2, τn = Γ
√

1 + σ2, (10)

where

Γ =
σ′(s)

κ(s)
√

1 + f 2(s)
(

1 + σ2(s)
)3/2 , (11)

sn is natural representation of the principal normal indicatrix of the curve ψ and κn and τn are
the curvature and torsion of ψn.

Therefore we have:
τn

κn
= Γ. (12)
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Lemma 4. If the Frenet frame of the binormal indicatrix ψb = B of a space curve ψ is {Tb, Nb, Bb},
then we have Frenet formula: T

′
b(sb)

N
′
b(sb)

B
′
b(sb)

 =

 0 κb 0
−κb 0 τb

0 −τb 0

 Tb(sb)
Nb(sb)
Bb(sb)

 , (13)

where

Tb = −N, Nb =
T− f B√

1 + f 2
, Bb =

f T + B√
1 + f 2

, (14)

and

sb =
∫

τ(s)ds, κb =
√

1 + f 2

f
, τb = −σ

√
1 + f 2

f
, (15)

where sb is natural representation of the binormal indicatrix of the curve ψ and equal the total
torsion of the curve ψ and κb and τb are the curvature and torsion of ψb.

Therefore we obtain:
τb

κb
= −σ. (16)

4. k-SLANT HELIX AND ITS CHARACTERIZATIONS

In this section we generalize the concept of the general helix and a slant helix by a new
curve which we call it k-slant helix.

Definition 5. Let ψ = ψ(s) a natural representation of a unit speed regular curve in Euclidean
3-space with Frenet apparatus {κ, τ, T, N, B}. A curve ψ is called a k-slant helix if the unit
vector

ψκ+1 =
ψ′k(s)
‖ψ′k(s)‖ (17)

makes a constant angle with a fixed direction, where ψ0 = ψ(s) and ψ1 = ψ′0(s)
‖ψ′0(s)‖ .

From the above definition we can see that:
(1): The 0-slant helix is the curve whose the unit vector

ψ1 =
ψ′0(s)
‖ψ′0(s)‖ =

ψ′(s)
‖ψ′(s)‖ = T(s), (18)

(which is the tangent vector of the curve ψ) makes a constant angle with a fixed direction.
So that the 0-slant helix is the general helix.
By using the Frenet frame (1), it is easy to prove the following two well-known lemmas:

Lemma 6. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a 0-slant helix or general helix (the vector ψ1 makes a
constant angle, φ, with a fixed straight line in the space) if and only if the function f (s) = τ

κ =
cot[φ].

Lemma 7. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a 0-slant helix or general helix if and only the binormal
vector B makes a constant angle with fixed direction.
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(2): The 1-slant helix is the curve whose the unit vector

ψ2 =
ψ′1(s)
‖ψ′1(s)‖ =

T′(s)
‖T′(s)‖

= N(s), (19)

(which is the principal normal vector of the curve ψ) makes a constant angle with a fixed
direction. So that the 1-slant helix is the slant helix.
If we using the Frenet frame (2) of the tangent indicatrix of the the curve ψ, it is easy
to prove the following two lemmas. The first lemma is introduced in ([4], [6], [14],
[17],[18]). Here, we state this lemma and introduce new representation and its simple proof
using spherical tangent indicatrix of the curve. The second lemma is a new.

Lemma 8. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a 1-slant helix or slant helix (the vector ψ2 makes a
constant angle, φ, with a fixed straight line in the space) if and only if the function σ(s) = τt

κt
=

cot[φ].

Proof: (⇒) Let d be the unitary fixed vector makes a constant angle, φ, with the vector
ψ2 = N = Tt. Therefore

〈Tt, d〉 = cos[φ]. (20)

Differentiating the equation (20) with respect to the variable st and using Frenet equa-
tions (2), we get

κt〈Nt, d〉 = 0. (21)

Because κt =
√

1 + f 2 6= 0, then we have

〈Nt, d〉 = 0. (22)

From the above equation, the vector d is perpendicular to the vector Nt and so that the
vector d lies in the space consists with the vectors Tt and Bt. Therefore the vector d
makes a constant angles with the two vectors Tt and Bt. Hence, the vector d can be
written as the following form:

d = cos[φ]Tt + sin[φ]Bt. (23)

If we differentiate equation (23), we have

0 = (cos[φ]κt − sin[φ]τt)Nt, (24)

which leads to σ(s) = τt
κt

= cot[φ].
(⇐) Suppose σ = cot[φ], i.e., τt = cot[φ]κt and let us consider the vector

d = cos[φ]Tt + sin[φ]Bt. (25)

From the Frenet formula (2), it is easy to prove the vector d is constant and 〈Tt, d〉 =
cos[φ]. This concludes the proof of lemma (8).

Lemma 9. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a 1-slant helix or slant helix if and only the unit

Darboux (modified Darboux [15]) vector field Bt = fT+B√
1+ f 2

of ψ makes a constant angle with

fixed direction.
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Proof: (⇒) The proof of the necessary condition is the same as the necessary condition
of the above lemma.
(⇐) Let d be the unitary fixed vector makes a constant angle, π

2 − φ, with the vector

Bt = fT+B√
1+ f 2

. Therefore

〈Bt, d〉 = sin[φ]. (26)

Differentiating the equation (20) with respect to the variable st and using Frenet equa-
tions (2), we get

−τt〈Nt, d〉 = 0. (27)

Because τt = σ
√

1 + f 2 6= 0, then we have

〈Nt, d〉 = 0. (28)

From the above equation, the vector d is perpendicular to the vector Nt and so that the
vector d lies in the space consists with the vectors Bt and Tt. Therefore the vector d
makes a constant angles with the two vectors Bt and Tt. This concludes the proof of
lemma (8).
(3): The 2-slant helix is the curve whose the unit vector

ψ3 =
ψ′2(s)
‖ψ′2(s)‖ =

N′(s)
‖N′(s)‖

=
−T + f N√

1 + f 2
, (29)

makes a constant angle with a fixed direction. So that the 2-slant helix is a new special
curves we can call it slant-slant helix.
If we using the Frenet frame (9) of the principal normal indicatrix of the the curve ψ, it is
easy to prove the following two new lemmas.

Lemma 10. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a 2-slant helix or slant-slant helix (the vector ψ3
makes a constant angle, φ, with a fixed straight line in the space) if and only if the function
Γ(s) = τn

κn
= cot[φ].

The proof of the above lemma (using the Frenet frame (9)) is similar as the proof of
lemma (8) (using the Frenet frame (2)).

Lemma 11. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a 2-slant helix or slant-slant helix if and only if the vector

Bn = 1√
1+σ2

[
f T+B√

1+ f 2
+ σ N

]
makes a constant angle with fixed direction.

The proof of the above lemma (using the Frenet frame (9)) is similar as the proof of
lemma (9) (using the Frenet frame (2)).
(4): The 3-slant helix is the curve whose the unit vector

ψ4 =
ψ′3(s)
‖ψ′3(s)‖ =

σ√
1 + σ2

[ f T + B√
1 + f 2

− N
σ

]
, (30)

makes a constant angle with a fixed direction. So that the 2-slant helix is a new special
curves we can call it slant-slant-slant helix.
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Lemma 12. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a 3-slant helix or slant-slant-slant helix (the vector ψ4
makes a constant angle, φ, with a fixed straight line in the space) if and only if the function

Λ =
Γ′(s)

κ(s)
√

1 + f 2(s)
√

1 + σ2(s)
(

1 + Γ2(s)
)3/2 = cot[φ]. (31)

proof: (⇒) Let d be the unitary fixed vector makes a constant angle, φ, with the vector
ψ4 = Nn. Therefore

〈Nn, d〉 = cos[φ]. (32)
Differentiating the equation (32) with respect to the variable sn =

∫
κ(s)

√
1 + f 2(s)ds

and using the Frenet equations (9), we get

〈−κnTn + τnBn, d〉 = 0. (33)

Therefore,
〈Tn, d〉 =

τn

κn
〈Bn, d〉 = Γ〈Bn, d〉.

If we put 〈Bn, d〉 = g(s), we can write

d = Γ g Tn + cos[φ]Nn + g Bn.

From the unitary of the vector d we get g = ± sin[φ]√
1+Γ2 . Therefore, the vector d can be

written as

d = ± Γ sin[φ]√
1 + Γ2

Tn + cos[φ] Nn ±
sin[φ]√
1 + Γ2

Bn. (34)

The equation (33) can be written in the form:

〈−Tn + Γ Bn, d〉 = 0. (35)

If we differentiate the equation (33) with respect to sn, again, we obtain

〈Γ̇ Bn + (1 + Γ2)
√

1 + σ2Nn, d〉 = 0, (36)

where dot is the differentiation with respect to sn. If we put the vector d from equation
(34) in the equation (36), we obtain the following condition

Γ̇√
1 + σ2(1 + Γ2)3/2

= ± cot[φ].

Finally, sn =
∫

κ(s)
√

1 + f 2(s)ds and Γ̇ = Γ′(s)
κ(s)
√

1+ f 2(s)
, we express the desired result.

(⇐) Suppose that Γ̇√
1+σ2(1+Γ2)3/2 = ± cot[φ] where . is the differentiation with respect to

sn. Let us consider the vector

d = ± cos[φ]
(Γ tan[φ]√

1 + Γ2
Tn ±Nn +

tan[φ]√
1 + Γ2

Bn

)
.

We will prove that the vector d is a constant vector. Indeed, applying Frenet formula (9)

ḋ = ±
√

1 + σ2 cos[φ]
(
± Tn +

Γ tan[φ]√
1 + Γ2

Nn ∓ Tn ± ΓB∓ ΓBn −
Γ tan[φ]√

1 + Γ2
Nn

)
= 0

Therefore, the vector d is constant and 〈Nn, d〉 = cos[φ]. This concludes the proof of
lemma (12).
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From the section (3), we can see that:
(i): The function f (s) is equal the ratio of the torsion (τ = τ0) and curvature (κ = κ0) of
the curve ψ = ψ0 and may be named it σ0(s) = f (s) = τ0(s)

κ0(s) .
(ii): The function σ(s) is equal the ratio of the torsion (τt = τ1) and curvature (κt = κ1)
of the tangent indicatrix T = ψ1 of the curve ψ and may be named it σ1(s) = σ(s) = τ1(s)

κ1(s) .
(iii): The function Γ(s) is equal the ratio of the torsion (τn = τ2) and curvature (κn = κ2)
of the principal normal indicatrix N = ψ2 of the curve ψ and may be named it σ2(s) =
Γ(s) = τ2(s)

κ2(s) .
We expect that: the function Λ(s) is equal the ratio of the torsion τ3 and curvature κ3 of
the spherical image of ψ3 indicatrix and may be named it σ3(s) = Λ(s) = τ3(s)

κ3(s) . So that,
we can write (the proof is classical) the following lemma:

Lemma 13. If the Frenet frame of the spherical image of ψ3 = −T+ fB√
1+ f 2

indicatrix of the curve ψ

is {T3, N3, B3}, then we have Frenet formula: T
′
3(s3)

N
′
3(s3)

B
′
3(s3)

 =

 0 κ3 0
−κ3 0 τ3

0 −τ3 0

 T3(s3)
N3(s3)
B3(s3)

 , (37)

where 

T3 = σ√
1+σ2

[
f T+B√

1+ f 2
− N

σ

]
,

N3 = 1√
1+σ2

√
1+Γ2

[ Γ
(

fT+B
)
+
√

1+σ2
(
T− fB

)
√

1+ f 2
+ σΓN

]
,

B3 = 1√
1+σ2

√
1+Γ2

[ fT+B−Γ
√

1+σ2
(
T− fB

)
√

1+ f 2
+ σN

]
,

(38)

and

s3 =
∫

κ(s)
√

1 + f 2(s)
√

1 + σ2(s) ds, κ3 =
√

1 + Γ2, τ3 = Λ
√

1 + Γ2, (39)

where s3 is the natural representation of the spherical image of ψ3 indicatrix of the curve ψ and
κ3 and τ3 are the curvature and torsion of this curve.

Therefore it is easy to see that:
τ3

κ3
= Λ = σ3. (40)

If we using the Frenet frame (38) of the spherical image of ψ3 indicatrix of the curve ψ, it
is easy to prove the following new lemma.

Lemma 14. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a 3-slant helix or slant-slant-slant helix if and only if

the vector B3 = 1√
1+σ2

√
1+Γ2

[ fT+B−Γ
√

1+σ2
(
T− fB

)
√

1+ f 2
+ σN

]
makes a constant angle with fixed

direction.

The proof of the above lemma (using the Frenet frame (38)) is similar as the proof of
lemma (9) (using the Frenet frame (2)).
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5. GENERAL RESULTS

From the above discussions, we can introduce an important lemmas for the k-slant helix
in general form as follows:

Lemma 15. If the Frenet frame of the spherical image of ψk indicatrix of the curve ψ is {Tk, Nk, Bk},
then we have Frenet formula: T

′
k(sk)

N
′
k(sk)

B
′
k(sk)

 =

 0 κk 0
−κk 0 τk

0 −τk 0

 Tk(sk)
Nk(sk)
Bk(sk)

 , (41)

where
Tk = ψk+1, Nk = ψk+2, Bk =

ψk+1 × ψk+2

‖ψk+1 × ψk+2‖
, (42)

and 
sk =

∫
κ(s)

√
1 + σ2

0(s)
√

1 + σ2
1(s) ...

√
1 + σ2

k−1(s) ds,

κk =
√

1 + σ2
k−1,

τk = σk

√
1 + σ2

k−1,

(43)

where

σk =
σ′k−1

κ(s)
√

1 + σ2
0(s)

√
1 + σ2

1(s) ...
(

1 + σ2
k−1(s)

)3/2 , (44)

sk is the natural representation of the spherical image of ψk indicatrix of the curve ψ and κk and
τk are the curvature and torsion of this curve.

From the the above lemma we have τk
κk

= σk, which leads the following lemma:

Lemma 16. Let ψ : I → E3 be a k-slant helix. The spherical image of ψk indicatrix of the curve
ψ is a spherical helix.

Lemma 17. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a k-slant helix (the vector ψk+1 makes a constant angle,
φ, with a fixed straight line in the space) if and only if the function

σk = cot[φ]. (45)

Lemma 18. Let ψ : I → E3 be a curve that is parameterized by arclength with intrinsic equations
κ(s) 6= 0 and τ(s) 6= 0. The curve ψ is a k-slant helix if and only if the vector Bk = ψk+1×ψk+2

‖ψk+1×ψk+2‖
makes a constant angle with fixed direction.
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